The conditions, under which non-topological solitons periodic in time are absent in the theory describing the Yang-Mills field coupled to a scalar field, are derived. It is also shown that nontopological solitons of such type are absent in the theory describing the U(1)-charged massive vector field.
Introduction
The well-known Derrick theorem (sometimes referred to as the Hobart-Derrick theorem) [1, 2] states that there are no static solitons (i.e. static solutions to the corresponding equations of motion, possessing finite energy localized in a finite domain of space) in the (3+1)-dimensional scalar field theory with the action (µ = 0, 1, 2, 3)
The proof is very simple. Indeed, let us suppose that there exists a soliton solution ϕ (⃗ x), we also suppose that there exists vacuum solution ϕ = ϕ 0 such that V (ϕ 0 ) = 0 (if V (ϕ 0 ) ∕ = 0, we can always take the potentialṼ (ϕ ) = V (ϕ ) −V (ϕ 0 ) instead of the initial one), where ϕ 0 is a constant. Now let us consider the following transformation of our solution
with a real parameter λ . The action on this transformed solution takes the form (we can drop the integration by t in the action because our solution is supposed to be static)
where i = 1, 2, 3. Since we suppose that ϕ (⃗ x) is a solution to the equation of motion, the variation of the action on this solution should vanish for any variations of the field. It means that
Indeed, λ = 1 in (1.3) corresponds to the solution. We see, that if V (ϕ ) ≥ 0, then the only solution to equation (1.5) is ϕ (⃗ x) = ϕ 0 , i.e. the vacuum solution.
Later analogous scaling methods were applied to more complicated static configurations of fields, for example, to the Yang-Mills field coupled to a scalar field [3] , to skyrmions [4] , monopoles [4] and instantons [4, 5, 6] .
Apart from taking potentials which are not non-negative, there is another simple way to overcome the restriction put by the Derrick theorem. Indeed, one can consider a time-dependent solution for the scalar field, for example, of the form
Nevertheless, it is possible to obtain restrictions, analogous to the one of the Derrick theorem, for time-dependent solutions also. This can be done by utilizing slightly modified form of transformation (1.3) (such transformations were applied in [5, 7] to models with ∼ e iωt time dependence of fields and in [8] to a model describing single scalar field periodic in time with a period T ). We will discuss this possibility and the corresponding transformations in an explicit form in the next sections.
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Yang-Mills field coupled to a scalar field
Let us take the following form of the four-dimensional action:
where
2)
where C abc are the structure constants of a compact gauge group and T a are generators of the group in the representation space of field ϕ . We also suppose that
(the latter condition ensures that the vacuum solution is ϕ ≡ 0, A µ = gT a A a µ ≡ 0) and: 1. there are no sources which are external to the system described by action (2.1);
2. solutions to equations of motion are periodic in time with a period T < ∞, i.e. for all fields on the solution the relation Ψ(t +T,⃗ x) ≡ Ψ(t,⃗ x) must hold for any t, where Ψ(t,⃗ x) schematically represents the field under consideration (more general periodicity conditions, leading to the same results as those which will be obtained below, can be found in [9] ).
Using the periodicity conditions, we can rewrite the initial action as
Thus, we can use the effective action
instead of the initial one. The necessity of our restriction to consider solutions periodic in time is due to the fact that the method of obtaining no-go results, which will be used below, can not be applied to infinite integrals; for periodic solutions we can take the effective action of form (2.6), which is finite by construction. We will be looking for smooth solutions to equations of motion, following from (2.1), such that all the fields tend to their vacuum values at x i → ±∞. Let us denote
where i, j = 1, 2, 3. All these integrals are supposed to be finite. The corresponding effective action in this case takes the form
Now let us consider the following transformation of our solution
with a real parameter λ . Repeating the steps presented in the Introduction, from the equality
= 0 we get
It is not difficult to show (see [9] for detailed calculations), that if integrals 
is fulfilled for any ϕ , then (2.15) leads to ϕ ≡ 0 and F a µν ≡ 0 (the latter equality means that A µ is a pure gauge and we can set A µ ≡ 0). It means, that under these restrictions non-topological solitons with the fields vanishing at spatial infinity are absent in the theory with action (2.1).
It is evident, that the restriction presented above is also valid for the models with the scalar field only, i.e. if we drop the gauge field from the theory; and in the pure Yang-Mills theory (the absence of non-topological solitons in the pure Yang-Mills theory was shown long time ago for the static [10] , periodic [11] and general cases [12] , the corresponding conjecture was discussed earlier, see, for example, [13] and references therein).
Eq. (2.16) with γ = 3/2 results in
For the first time the no-go condition (2.17) for V (ϕ † ϕ ) ≥ 0 and the potentials V (ϕ † ϕ ) including a positive mass term was obtained in a different way in [14] (for the case of a single complex scalar field coupled to electromagnetic field this restriction was obtained in [15] ). It is necessary to note that sometimes the known restriction (2.17) is not sufficient to provide an information about non-existence of non-topological solitons. Indeed, as an example let us take a potential of the form V (ϕ † ϕ ) = q 1 (ϕ † ϕ ) 4 − q 2 (ϕ † ϕ ) 2 with q 1 > 0, q 2 > 0 (note, that we can consider ϕ ≡ 0 as the "vacuum" from the mathematical point of view, but it is the local maximum of the scalar field potential and thus such a configuration is unstable and can not be considered as
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Mikhail N. Smolyakov the vacuum from the physical point of view). For this potential equality (2.17) does not hold for any ϕ . Meanwhile, substituting the potential into (2.16) and taking γ = 3 4 we get q 1 (ϕ † ϕ ) 4 ≥ 0, which means that there are no solutions corresponding to a non-topological soliton in such a theory. Thus, in some cases general restriction (2.16) can be very useful.
One more remark is in order. The surface terms at t = 0 and t = T , which arise when obtaining equations of motion from the effective action (2.11) with the help of variations of fields following from (2.12)-(2.14), appear to be modulo equal and cancel each other. This ensures that the equations of motion obtained from the initial action and those obtained from the effective action coincide, as well as possible solutions, and the procedure of obtaining the no-go results appears to be consistent with the equations of motion coming from the original action (problems, which can arise due to non-zero surface terms in the case of the Derrick theorem applied to a finite spacetime domain, were discussed in [16] ). The same is valid, of course, for the model which will be discussed in the next section.
U(1)-charged massive vector field
As a second example let us consider a massive complex vector field in the U(1) gauge theory. The corresponding action has the form
where m ∕ = 0 and
3)
We also suppose that there are no sources which are external to this system; all fields are smooth and vanish at spatial infinity; solutions to equations of motion are periodic in time with a period T . As in the case of the Yang-Mills field coupled to a scalar field, we can use the effective action where integration in t is performed in the limits [0, T ]. Of course, we suppose that all integrals in this effective action are finite. Analogously to what was made in the previous section, we consider the following transformation of a supposed solution:
with a real parameter λ . It is not difficult to show (just repeating the steps presented in the previous section, see also [9] for details) that the use of these transformations leads to A µ ≡ 0, W Equations (3.9) and (3.10) imply that The latter equality together with A µ ≡ 0 implies that non-topological solitons, periodic in time, are absent in the theory described by action (3.1).
